We derive a set of consistency conditions for the pion-baryon coupling constants in 
In this paper, we will study the baryon-pion coupling constants in the large-N c limit [1] . We derive a set of consistency conditions for the baryon-pion couplings that must be satisfied by large-N c QCD. These consistency conditions completely determine all the pionbaryon coupling constants in terms of one overall normalization constant. The consistency conditions require that there be an infinite tower of degenerate baryon states with I = J.
The ratios of the pion-baryon couplings of this baryon tower are precisely those given by the Skyrme model [2] , or by the non-relativistic quark model [3] , which is known to be equivalent to the Skyrme model in the large-N c limit [4] . This implies that the large-N c limit of QCD has a SU (2N f ) spin-flavor symmetry, where N f is the number of light flavors.
This result is unusual in that the SU (2N f ) symmetry is only a symmetry of the baryon sector of large-N c QCD, but not of the meson sector. After this work was completed, we discovered that the first consistency condition proved in this paper using pion-nucleon scattering was derived earlier using the same method by Gervais and Sakita [5] . They also realized that there is a contracted SU (4) algebra in the large-N c limit of QCD. We believe that the other consistency conditions derived in this paper, the connection with chiral perturbation theory, and the study of 1/N c corrections (which will be presented elsewhere [6] [7] ) are new.
The large-N c counting rules for meson-baryon scattering were analysed by Witten [8] , who showed that meson-baryon scattering amplitudes at fixed energy must be of order one. The incident pion can couple to any of the quarks in the baryon with an amplitude 1/ √ N c . If the emitted pion couples to the same quark as the incident pion, there are N c choices for the quark, so the net amplitude is order one. If the emitted pion couples to a different quark, then there are N 2 c ways to choose the two quarks, but there must also be at least a single gluon exchange between the two quarks to transfer energy from the incident pion to the final pion. The gluon produces a suppression of 1/N c , so again, the amplitude is of order one. The large-N c counting rules show that the axial vector coupling constant g A of a baryon is of order N c , since the axial current can be inserted on any of the N c quark lines. It is also easy to see that the pion decay constant f π is of order √ N c . The pion-baryon vertex is proportional to g A q/f π , where q is the pion momentum, and grows as √ N c at fixed pion energy. The consistency conditions follow from this simple result.
Let us assume that the large-N c QCD baryon spectrum contains a state with I = J = dominated by the graphs of fig. 1 . The axial current matrix element in the nucleon can be written as
where N | X ia |N and g are of order one. The coupling constant g has been factored out so that the normalization of X ia can be chosen conveniently. X ia is an operator (or 4 × 4 matrix) defined on nucleon states which has a finite large-N c limit. The pion-nucleon
where the amplitude is written in the form of an operator acting on nucleon states. Both initial and final nucleons are on-shell, so q 0 = q ′ 0 . The product of the X's in eq. (2) states that cancel the order N c amplitude in eq. (2) so that the total amplitude is order one, and consistent with unitarity. One can then generalize X ai to be an operator on this degenerate set of baryon states, with matrix elements equal to the corresponding axial current matrix elements. With this generalization, the form of eq. (2) is unchanged. Thus we obtain the first consistency condition for QCD,
so that the axial currents are represented by a set of operators X ia that commute in the large-N c limit. The solution of the constraint is non-trivial, because we also have the commutation relations
since X ia has spin one and isospin one. It is simple to prove that eqs. (3) and (4) form a non-semisimple Lie Algebra, and have no non-trivial finite dimensional representations [7] .
The solutions of the consistency condition eq. (3) requires that there be an infinite tower of degenerate baryon states, and also determines the ratios of the pion-baryon couplings between the states. We will make one simplifying assumption in this letter; the degnerate baryon spectrum consists only of states I = J = 1/2, 3/2, . . ., where the sequence can be finite or infinite. (This assumption is not neccessary [7] .) The states will be denoted by |J, J 3 , I 3 . The reduced matrix element of X ai between baryon states can be written as
where X(J, J ′ ) is a reduced matrix element. The normalization constant has been chosen
Since X ia is a tensor with spin one and isospin one, it can only couple states with ∆J = 0, ±1, and the independent reduced matrix elements are X(J, J)
and X(J, J + 1). Taking the matrix element of eq. (3) between |J, m, α and |J
and inserting a complete set of intermediate states gives
We will first show that eq. 
where we have only shown the structure of the reduced matrix elements that contribute, and neglected all numerical factors, signs, etc. Similarly, the diagonal matrix element
If we are given X(J, J) and X(J − 1, J), eq. (8) determines X(J, J) and eq. (7) determines X(J + 1, J + 1), so that all the reduced matrix elements are uniquely determined by recursion starting from the lowest ones. If we assume that the lowest state is J = 1/2, all the reduced matrix elements are determined in terms of X(1/2, 1/2), since X(1/2, −1/2) = 0. Since eq. (6) is homogeneous in X(J, J ′ ), the starting value X(1/2, 1/2) can be set equal to one, which determines the solution uniquely up to an overall normalization constant.
To construct eq. (7) and (8) explicitly, substitute eq. (5) into eq. (6), and project onto the pion-nucleon scattering channel with spin H and isospin K by multiplying the equation
The resulting equation for the reduced matrix elements can be written as
The solution to this equation has been shown to be unique, so it is sufficient to verify that X(J, J) = X(J, J + 1) = 1 for all J is a solution to this set of equations, using the symmetry properties of the 6j-symbols and the identity [10] K (2K + 1)(2H + 1)
A similar result can also be proved for the infinite tower I = J = 0, 1, . . . 
QCD is given by taking the limit
(up to an overall normalization of the X ia ). The commutation relations of SU (4),
turn into the commutation relations eqs. (3)- (4) in the large-N c limit. The non-trivial irreducible representations of the contracted algebra are obtained by taking the limit of SU (4) representations for which G ia is of order N c , so that X ia is finite. We have constructed the simplest such representation explicitly above, and it corresponds to taking the N c → ∞ limit of the completely symmetric SU (4) tensor with N c boxes. Thus we see that the large-N c limit of QCD has a contracted SU (4) symmetry in the baryon sector. This is sufficient to prove that the predictions for the pion-baryon couplings are identical to those of the Skyrme model or non-relativistic quark model, and exhibit SU (4) symmetry. This explains the origin of the non-relativistic SU (4) symmetry of baryons in QCD.
There is an alternative approach to deriving consistency conditions for large-N c QCD that leads to a condition equivalent to eq. (3) as well as to a second consistency condition.
Consider the one-loop radiative corrections in the baryon sector, given by the diagrams of fig. 2 . The one loop renormalization of the pion-baryon coupling constants is proportional
so that a term of order N c gets a correction of order N 2 c . The pion mass is a free parameter of the theory, and is of order Λ QCD m q and finite in the large-N c limit. Thus the stability of the pion-baryon couplings under an infinitesimal shift in the light quark mass, or equivalently, stability under radiative corrections gives the consistency condition
which is a cubic relation between the X's. One can show that this consistency condition also leads to a set of recursion relations for the reduced matrix elements of X, with a unique The wave-function renormalization graph also gives a mass shift of the baryons pro-
This mass shift cannot break the degeneracy of the baryon spectrum, or else the pionbaryon coupling consistency equations eq. (3) or (14) cannot be satisfied. Thus we require that
where C X is a constant. This is the third consistency condition that must be satisfied by large-N c QCD. It is a trivial check to see that the solution eq. (5) with X(J, J ′ ) = 1 satisfies this consistency condition, with C X = 3.
The consistency conditions eq. (3) and (14) are equivalent if one also assumes eq. (16).
Eq. (14) can be written in the form
which leads to an equivalent form for eq. (14)
Now assume eq. (16) and eq. (17), and define
using eq. (16) 
which can be written using eq. (16) as
The operator = X 
with an error of order 1/N c . Unlike the axial couplings, the single commutator X ia , ∆M need not vanish.
The results presented here can be generalized to an arbitrary number of flavors N f .
The consistency conditions eqs. (3)(16)(20) are still valid, and prove that large-N c QCD has a contracted SU (2N f ) symmetry. The recursion relations such as eq. (9) are more complicated, because the isospin 6j-symbol is replaced by the flavor 6j-symbol for SU (N f ).
In conclusion, we have derived a set of consistency conditions that must be satisfied by large-N c QCD, and have proved that large-N c QCD has a contracted SU (4) symmetry (for N f = 2). The solutions of the consistency equations lead to a unique (minimal) solution for the pion-baryon coupling constants, which are identical to those of the Skyrme model or non-relativistic quark model, and also to the existence of an infinite tower of baryon resonances. The 1/N c corrections to the pion-baryon coupling constant ratios can be shown to vanish [6] . We have also briefly discussed consistency conditions for other operators, and the generalization to an arbitrary number of flavors. The details will be presented elsewhere. The methods used here have been used to confirm the soliton picture of baryons containing a heavy quark [13] in which the baryon is treated as a bound state of a soliton and a heavy meson [14] [15] [16] , and to prove that the leading correction to the baryon mass splittings is proportional to J 2 [17] .
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